Emerging Trends in Social Work Profession: Navigating Challenges and Seizing Opportunities
ISBN:978-93-48505-71-2

BINARY REGULAR "GENERALIZED CONTINUOUS AND
IRRESOLUTE FUNCTIONS

*Dr.D.Savithiri, Associate Professor and Head, Department of Mathematics, Sree Narayana
Guru College, Coimbatore, Tamilnadu, India.
**Dr.C.Janaki, Assistant Professor, Department of Mathematics, Government Arts College,
Puliyakulam, Coimbatore, Tamilnadu, India.

Abstract

The authors [9] introduced the concept of binary regular * generalized closed sets in
binary topological spaces and studied its basic properties. In this paper we introduce the concept
of binary regular ” generalized continuous function, totally and strongly binary
regular*generalized continuous function and study the relationship with other sets.
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Introduction

The concept of regular continuous functions was first introduced by Arya. S.P. and
Gupta.R.[1]. Later Palaniappan. N. and Rao.K.C[7] studied the concept of regular generalized
continuous functions. Recently the authors S. Nithyanantha Jothi and P. Thangavelu[4]
introduced the concept of binary topology between two sets and investigate some of the basic
properties, where a binary topology from X to Y is a binary structure satisfying certain axioms
that are analogous to the axioms of topology. Throughout the paper P(X) represents the power set
of X.

The purpose of this paper is to introduce the concept of binary regular ~ generalized
continuous functions and study their relationship. Section 2 deals with the basic concepts. Binary
r"g continuity is discussed in section 3. Section 4 deals with binary r*g irresolute functions.

Preliminaries
Definition 2.1[3]: Let X and Y be any two non empty sets. A binary generalized topology from
X to Y is a binary structure pp < P(X) x P(Y) that satisfies the following axioms:
() (9,9) € Hoand (X,Y) € po.
(ii) (A1nA2, BinB2) € Jp whenever (A1,B1) and (A2,B2) € Mo
(iii) If {(Aw,Bo) : acA} is a family of members of p, then (UAL,UBG) € o,
If Mois a binary generalized topology from X to Y then the triplet (X, Y, W) is called a binary
generalized topological space and the members of p, are called binary generalized open sets.
The compliment of an element of P(X) x P(Y) is defined component wise. That is the binary
compliment of (A, B) is (X—A, Y —B).
Definition 2.2[3]: Let (X, Y, Mb) be a binary generalized topological space and Ac X,Bc Y.
Then (A, B) is called binary generalized closed if (X — A, Y — B) is binary generalized open.
Definition 2.3[3]: Let (A,B), (C,D) € P(X) x P(Y). Then
(i) (A,B)c(C,D)if AcCand B c D.
(i) (A,B)u (C,D)=(AuC,BuUD).
(iii) (A,B)n(C,D)=(AnC,Bn D).
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Definition 2.4[3]: Let (X, Y, W) be a binary generalized topological space and (x, y) € X x Y,
then a subset (A, B) of (X, Y) is called a binary generalized neighbourhood of (x, y) if there
exists a binary generalized open set (U, V) such that (x, y) € (U, V) < (A, B).

Definition 2.5[3]: Let (X, Y, Hp) be a binary generalized topological space, (A,B) < (X,Y).
(i) (A, B)Y = U{A. : (A, B.) is binary generalized open and (A, Bs,) < (A, B)}
(i) (A, B)* = U{Bq : (Aw By)is binary generalized open and (A, Bs) < (A, B)}
Then the pair ((A, B)Y,(A, B) %) is called the binary generalized interior of (A,B) and denoted by
MbInt(A,B).

Remark 2.6[3]: The set (A,B) is binary generalized open in (X, Y, W) if and only if psInt(A,B) =
(A,B).

Definition 2.7[3]: Let (X, Y, Mp) be a binary generalized topological space, (A, B) < (X,Y).
(i) (A, B)Y = n{As :(As, Byis binary generalized closed and (A, B) < (As, B}
(ii) (AB) & = ~{Bq :(As, By)is binary generalized closed and (A, B) < (A. B}
Then the pair ((A, B)'",(A, B)?") is called the binary generalized closure of (A,B) and denoted by
MbCI(A,B).

Remark 2.8[3]: The set (A,B) is binary generalized closed in (X, Y, W) if and only if u,CI(A,B)
= (A,B).

Definition 2.9[3]: A subset (A,B) of a binary topological space is said to be clopen if it is both
open and closed.

Definition 2.10[3]: A subset (A,B) of topological space (X, Y, W) is called a

(i) Mosemiclosed set if puInt(LuCI(A,B)) < (A,B).

(ii) posemipreclosed set if ppInt(UsCl (LbInt (A,B))) < (A,B).

(iii) pwgclosed set if u,CI(A,B) < (U,V) whenever (A,B) < (U,V) and (U,V) is open in (X, Y, Mb).
(iv) pwg*closed set uyCI(A,B) < (U,V) whenever (A,B) < (U,V) and (U,V) is Wy g-open in (X, Y,
Hb).

(V) porgelosed set if ppgCI(A,B) < (U,V) whenever (A,B) < (U,V) and (U,V) is binary regular
openin (X, Y, ).

Definition 2.11[3]: Let (Z,n) be a topological space and (X,Y, W) be a binary topological space.
Then the map f:Z — XxY is called a binary continuous function if f1(A,B) is open(closed) in
(Zm) for every open(closed) set (A,B) in (X, Y, Mtb).

Definition 2.12[3]: Let (Z,n) be a topological space and (X,Y, W) be a binary topological space.
Then the map f:Z — XxY is called a

(i) totally binary continuous function if f*(A,B) is clopen in (Z,n) for every binary open set (A,B)
in (X, Y, Hb).

(i) strongly binary continuous function if f1(A,B) is clopen in (Z,n) for every binary set (A,B) in
(X, Y, Hb).

Definition 2.13[8]: A binary topological space (X,Y,up) is said to be a pTy2 space if every
Mpclosed set is pngclosed.

Definition 2.14[3]: Let (Z,n) be a topological space and (X,Y, WUs) be a binary topological space.
Then the map f:Z — XxY is called

(i) a binary g-continuous function if f1(A,B) is gclosed in (Z,n) for every binary closed set (A,B)
in (X, Y, H).
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(i) a binary g*-continuous function if f1(A,B) is g*closed in (Z,m) for every binary closed set
(A,B) in (X, Y, Hb).

(iii) a binary semicontinuous function if f1(A,B) is semiclosed in (Z,n) for every binary closed
set (A,B) in (X, Y, MUb).

(iv) a binary semiprecontinuous function if f(A,B) is semipreclosed in (Z,n) for every binary
closed set (A,B) in (X, Y, Hb).

(v) a binary a-continuous function if f1(A,B) is aclosed in (Z,n) for every binary closed set (A,B)
in (X, Y, ).

Binary Regular ~ Generalized Continuous Functions
In this section we introduce binary regular“generalized continuous function and study its
relationship with other binary continuous functions.
Definition 3.1: Let (Z,m) be a topological space and (X,Y, W) be a binary topological space.
Then the map f: Z — XxY is called a binary regular™generalized continuous (shortly rg-
continuous) function at a point zeZ, if for any binary generalized open set (U,V) in (X, Y, W)
with f(z) € (U,V) there exists a generalized open set G in (Z,n) such that zeG and f(G) <(U,V). f
is called binary r*g-continuous if it is r*g continuous at each z e Z.
Definition 3.2: Let (Z,m) be a topological space and (X,Y, W) be a binary topological space.
Then the map f: Z — XxY is called a binary regular”~generalized continuous (shortly rg-
continuous) function if f1(A,B) is r*g closed in (Z,n) for every closed set (A,B) in (X,Y, Up).
Theorem 3.3: Every (i) binary continuous

(ii) binary g-continuous

(iii) binary g*-continuous function is binary r*g-continuous function.
Proof: Straight forward [9].
Remark 3.4: The converse of the above theorem need not be true as shown in the following
example.
Example 3.5: Consider Z = {a,b,c}, X = {x1,x2} and Y = {y1,y=}. Let n = {¢,{b},{a,b},Z} and p»
= {(¢,9),{x2}.{y2}).(X,Y)}. Clearly n is a topology on Z and Ly is a binary topology from X to
Y. The closed sets of (Z,n) are {¢,{c},{a,c},Z}. Define f: Z — XxY by f(a) = ({x:},{y1}) and
f(b) = ({x2}.{y2}) = f(c). Now f is a binary r*g-continuous function but it is not a binary
continuous, binary g-continuous and binary g*-continuous function since f1({x1},{y:}) = {a} is
not a closed, gclosed and g*closed set in (Z,n).
Remark 3.6: The concepts of binary semicontinuous, binary semiprecontinuous are independent
to the concept of binary r*g-continuous function as shown in the following example.
Example 3.7: * Let Z = {1,2,3}, X ={xy,x2} and Y = {yny2}. Let n = {6.{1}.{3},
{1,2},{1,3}.{2,3},Z2} and po = {($,9), ({Xa}.{y1}).({x2}.{y2}).(X,Y)}. Clearly n is a topology on
Z and My is a binary topology from X to Y. The binary closed sets are {(¢,0), ({x2}.{y2=}),
{x. 1 {y1}D).(X,Y)}.Define f: Z > XxY as f(1) = ({x1},{y1}) = f(3) and f(2) = ({x2}.,{y2})Then f
is a binary r*g-continuous function but it is not a binary semicontinuous and binary
semiprecontinuous since the inverse image of ({xi}.{y:}) is {1,3} is not a semiclosed and
semipreclosed sets in (Z,n).
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* Let Z = {a,b,c}, X ={x1,x2} and Y = {y1,y2}. Let n = {¢,{a}.{b}.{a,b},Z} and s = {($,9),
({xa b {yd).({x23.{y2}).(X,Y)}. Clearly n is a topology on Z and p is a binary topology from X
to Y. Define f: Z —» XxY as f(a)= ({x}.{y1}), f(b)= ({x2}.{y=}) and f(c) = ¢ then f is a binary
semicontinuous and binary semiprecontinuous but it is not a binary r*g-continuous function since
FL({x2}.{y2}) = {b} is both binary semiclosed and binary semipreclosed sets but it is not a binary
r"g closed set in (Z,n).

Remark 3.8: The concept of r*g-continuous function is independent to the concept of a-
continuous function.

Example 3.9: * Let Z = {a,b,c}, X ={x1,x2} and Y = {y1,y2}. Let n = {¢,{a}.{b}.{a,b},Z} and pp
= {(¢,9), {x1}.{y2}).(X,Y)}. Clearly n is a topology on Z and py is a binary topology from X to
Y. Define f: Z — XxY as f(a)= ({x2},{y1}) = f(b), f(c) = (¢,9) then f is a binary r*g-continuous
function but it is not a binary a-continuous function since the inverse image of
({x2}{y1}) = {a,b} is g closed set but it is not an aclosed set in (Z,n).

*Let Z = {a,b,c,d}, X ={xy,x2} and Y = {ywy2}. Let n = {¢,{a}.{c}{a,c}{c.d}, {a,c,d},Z}
and o = {(6,9), ({x23.{y2}).(X,Y)}. Clearly n is a topology on Z and L is a binary topology from
X to Y. Define f: Z — XxY as f(a) = (¢,0) = f(b), f(c) = (¢,{y=}) f(d) = ({x1}.{y1}), then fis a
binary a-continuous but it is not a binary rg-continuous since the inverse image of ({x1}.{y1})
= {d} is an aclosed set but it is not a r*g closed set in (Z,n).

Definition 3.10: Let (Z,n) be a topological space and (X,Y, W) be a binary topological space.
Then the map f: Z - XxY is called a

(i) totally binary r*g-continuous function if f(A,B) is r*g-clopen in (Z,n) for every binary closed
set (A,B) in (X, Y, Ub).

(i) strongly binary r*g-continuous function if f1(A,B) is r°g-clopen in (Z,n) for every binary set
(A,B)in (X, Y, Hb).

Example 3.11: Let Z = {123}, X ={xy,x2} and Y = {yny2}. Let n = {¢,{1}.{3},
{1.23{1.3}{2,3}.Z} and o = {(¢,9), ({xa}{ys}).({xe}{y2}),(X,{y1}).(X,Y)}. Clearly n is a
topology on Z and b is a binary topology from X to Y. The binary closed sets are {(¢,9),
({23 4y21), ({x1}{y:}).(X,Y)}.Define f: Z — XxY as f(1) = (X,¢) = f(3) and f(2) = (¢,{y=}). In
(Z,m) all the subsets of Z are r*g closed sets. Hence all the sets are both r*g closed and r*g open
sets, i.e.,r"g clopen sets. Thus f is both totally binary r*g continuous function and strongly binary
r"g continuous function.

Theorem 3.12: Every strongly binary r*g-continuous function is totally binary r*g-continuous
function.

Proof: Straight forward from the definition 3.10.

Remark 3.13: The converse of the above theorem need not be true as seen in the following
example.

Example 3.14: Let Z = {a,b,c}, X ={x1,x2} and Y = {y1,y2}. Let n = {¢.{a}.,{b}.{a,b}.Z} and p»
= {(9,9), {x1}.{y1}).(X,Y)}. Clearly n is a topology on Z and py is a binary topology from X to
Y. Define f: Z —» XxY as (@)= ({x},{y1}), f(b) = (¢,9) ,f(c)= ({x2}.{y=}). Then f is totally
binary r*g-continuous function but it is not strongly binary r*g continuous since the inverse
image of ({x1},{y1}) = {a} is not r*g clopen in (Z,n).
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Theorem 3.15: Let (X,Y, pb) be a binary generalized topological space and (Z,m) be a
generalised topological space. Let f: Z — XxY be a function such that Z — f1(A,B) = f1(X-A,Y-
B) for all A < X and B c Y. Then f is binary regular*generalized continuous (r*g-continuous) if
and only if f1(A,B) is r*g closed in (Z,n) for every binary closed set (A,B) in (X,Y, ).

Binary Regular ” Generalized Irresolute Functions

Definition 4.1: A function f: Z — XxY is said to be a binary regular*generalized-irresolute
(shortly por”g-irresolute) function if f1(A,B) is r*g closed in (Z,n) for every binary r*g closed
set (A,B) in (X,Y, Hb).

Example 4.2: Let Z = {1,2,3}, X = {X1,x2} and Y = {y1,y2}. Let n = {¢,{1,2},{2,3},Z2} and pp =
{(0,0), ({3 {y D), (x2}1{y2}) .(X,Y)}. Clearly n is a topology on Z and W is a binary topology
from X to Y. Define f: - Z — XxY by f(1) = ({X},{y1}) = f(2) and f(3) = (¢,9). Then f is a binary
r"g-irresolute function.

Theorem 4.3: Every binary r*g-irresolute function is binary r*g-continuous function.

Proof: Straight forward from the fact that every binary closed set is binary r*g closed set.
Remark 4.4: The converse of the above theorem need not be true as seen in the following
example.

Example 4.5: Let Z = {a,b,c}, X = {x1,x2} and Y = {y1,y2}. Let n = {¢,{a}.{b}.{a,b},Z} and pp =
{(,0), ({13 {y1}), {23{y2}) .(X,Y)}. Clearly n is a topology on Z and y is a binary topology
from X to Y. Define f: Z — XxY by f(a) = ({x2}.{y1}) , f(b) = ({x}.{y=}) = f(c) , then f is
binary r*g-continuous function since FH{x3{y1}) = F* {x23.{y2}) = ¢ which is r*g closed
in Z but it is not a binary r*g-irresolute function since the inverse image of a binary r*g closed set
({x2}.{y=}) = {a} which is not an r*g closed set in (Z,n).

The above discussions are implemented in the following diagram.

ppcontinuous ——— - pbg-continuous———p  Ppbg*-continuous Mbrrgirresolute
Mba-continuous <«— | »A brNg-continuous < I » bsemicontinuous
MbSemiprecontinuous totally pwr*g-continuous —— strongly pbr”*g-continuous
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